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Laplace transform (review) C-(%D

* One of most important math tools in the course!
* Definition: For a function f(t) (f(t)=0 for t<0),

O

F(s) = L{f(D)}:= [ f(t)e tat
()= L{WY = [ 1

1
A:=B (A is defined by B.)

L
-
0
* We denote Laplace transform of f(t) by F(s).

(s: complex variable)

(1)

F(s)




Laplace transform table C'%B

I () F'(s)
5(t) 1
L 1
u(t) > S
tu(t) % __ Inverse Laplace
. r- 1e— Transform
t"u(t) j 1
—at 1
e u(t) T
sin wt - u(t) SQ_‘*in

coswt - u(t) o=

—at 1
te” *u(t) (s+a)2 (u(t) is often omitted.)
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Advantages of s-domain (review) @

* We can transform an ordinary differential equation
into an algebraic equation which is easy to solve.

(This lecture)



An advantage of Laplace transformGt%')

* We can transform an ordinary differential equation
(ODE) into an algebraic equation (AE).

t-domain s-domain
A : A
ODE — AE

[e

L1 . .
[3 Partial fraction
@ expansion

Solution to ODE




Example 1 (distinct roots)

ODE with initial conditions (ICs)

2
ddigt)+3—d?f§)+2y(t) = 5u(t), y(0) = -1, ¥'(0) =2

1. Laplace transform

52Y (5)—sy(0)—y/(0)+3{sY (s) — y(0)}+2Y (s) = i
L{v'®} £{y®)
—s2 — s
=) Y (s) = TS

s(s + 1)(s + 2) «— distinct roots
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Properties of Laplace transform C-%D
Differentiation (review)

L{f'(t)} = sF(s) — £(0)

t-domain £1(6)
£(t) —— d/dt o dfdt —— (1)
l C L l El
7O 1 4f(s)- {0 1O | s{sh(s) - f(0)}- 110

o T [ b

s-domain




Example 1 (cont’d) C%B

2. Partial fraction expansion A/A/unlknowns
52— g +5 é B C

Y(s) = + +

s(s+1)(+2) s s+1 s42
Multiply both sides by s(s+1)(s+2) :

—s* —s+5=A(s+1)(s+2)+ Bs(s+2) +Cs(s + 1)

Compare coefficients: (4 5
s’term : —1=A+B+C 3:25
slterm : —1=34+2B+C mm < g
0 __
s'-term : 5 =2A4 \0—5




Example 1 (cont’d) C-(%D

3. Inverse Laplace transform

A B C
Y(s) =
s s+1 s+42 (You may omit u(t).)
‘ y(t) = ( g + (=5) et + g GQt) u(t)
DU T

If we are interested in only the final value of y(t),
apply the Final Value Theorem, without explicitly
computing y(t):

B B —s2 —5+5
Ay = Iy sV () = Im D+ 2)

5
2
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Example 2 (repeated roots) @

ODE with zero initial conditions (ICs)

d3y(t) _d2y(t) _dy(t) )
di3 TS ;2 +8y—+4 (t) = 246(t), y(0) =4/(0) =y"(0) =0

1. Laplace transform

$3Y (5) — s2y(0) — sy/(0) — y"(0) «— L {y"(®)}
+5{52Y(s) —sy(0) =¢/(0)}  «~—s5L{y"()}
+8{sY(s) — y(0)} +4Y (s)

=2

_ 2 Repeated roots
= Y= D642
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Example 2 (cont’d) c-%a

2. Partial fraction expansion UNKNOWNS
A// x
B C

2 A
Yis) = (s+1)(s+ 2)? - s+1+3—l—2+ (s 4+ 2)?

Multiply both sides by (s + 1)(s + 2)?

2=A(s+2)*+B(s+1)(s+2)+C(s+1)

Compare coefficients:

s°term : 0=A+ B (A =2
slterm : 0=4A+3B+C m) < B=-2
s'-term : 2=4A+2B+C | C =2
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Example 2 (cont’d) C%D

3. Inverse Laplace transform

A B C
s+1 s+2 (s+2) (u(t) omitted.)
. —t o —2t _ —2t
=) y(t)_‘i’e +(=2) e + (=2)te
B C

If we are interested in only the final value of y(t),
apply the Final Value Theorem, without explicitly
computing y(t):

2s

IIm y(t) = |I_r1’(1) sY (s) = S!I_F}TE) (s 4+ 1)(s + 2)2 =0
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Properties of Laplace transform C-%D
Frequency shift theorem (review)

C {e—atf(t)} = (s + a)

t-domain
Proof. £(t)

] e Mr®

e ﬁ

L)) = e (e @ @
s-domain

= [§ f 1t = Fls

EX. F(s) Fls+a)
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Example 3 (complex roots) c-%a

ODE with zero initial conditions (ICs)

d?y(t) . .dy(t) |
d?jt? +2yd—t+5y(t) = 3u(t), y(0) =0, ¥/ (0) =0

1. Laplace transform
3

S

SQY(S) + 2sY(s) +5Y(s) =

3

Y(s) =
= Y(s) 5(s% + 25 +5) *—— Complex roots
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Example 3 (cont’d) C%B

2. Partial fraction expansion UNKNOWNS
// J
B 3 _ A, Bs+C
Yis) = s(s2 +2s+5) s +32—|—23—|—5
Multiply both sides by s(s? + 2s + 5)
3=A(s*+2s+5)+s(Bs+C)
. . ( 3
Compare coefficients: A= -
s’term : 0=A+ B < _ 3
sliterm : 0=24+C BB 5
s%-term : 3 =5A _ _§
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Example 3 (cont’d) C-(%D

3. Inverse Laplace transform

El{ Bs+C }: £1{3(3+1)+CB}

s2+2s+5 (s+1)2+4
. —1 S—l—l C—B —1 2
= BL {(s-|-1)2+4}+ 2 £ {(5+1)2—|—4}
— Be tcos2t+ e tsin2t

LHY () = g - ge_t (cos Dt + %sin 2t)
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Laplace transform table C-%D

f(t) F(s)
. t w
SN W §2 4 (2 ) Frequency shift theorem
—at L3 w
e S1n wt
(s +a)+w? | plemdf(t)} = F(s + a)
S
cos wt
82 _I_ w? )
e~ cos wt sTa

(s 4+ a)? + w?
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Summary C-(%D

* Solution to ODE via Laplace transform
1. Laplace transform
2. Partial fraction expansion
3. Inverse Laplace transform

* Next, modeling of physical systems in s-domain
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